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Abstrat
A onjeture of Fan and Raspaud [3℄ asserts that every bridgeless ubi graph on-
tains three perfet mathings with empty intersetion. Kaiser and Raspaud [6℄ sug-
gested a possible approah to this problem based on the onept of a balaned join
in an embedded graph. We give here some new results onerning this onjeture
and prove that a minimum ounterexample must have at least 32 verties.
Key words: Cubi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1 Introdution
Fan and Raspaud [3℄ onjetured that any bridgeless ubi graph an be pro-
vided with three perfet mathings with empty intersetion (we shall say also
non interseting perfet mathings).
Conjeture 1 [3℄ Every bridgeless ubi graph ontains perfet mathing M1,
M2, M3 suh that
M1 ∩M2 ∩M3 = ∅
This onjeture seems to be originated independently by Jakson. Goddyn [5℄
indeed mentioned this problem proposed by Jakson for r−graphs (r−regular
graphs with an even number of verties suh that all odd uts have size at least
r, as dened by Seymour [8℄) in the proeedings of a joint summer researh
onferene on graphs minors whih dates bak 1991.
Conjeture 2 [5℄ There exists k ≥ 2 suh that any r-graph ontains k + 1
perfet mathings with empty intersetion.
Seymour [8℄ onjetured that:
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Conjeture 3 [8℄ If r ≥ 4 then any r-graph has a perfet mathing whose
deletion yields an (r-1)-graph.
Hene Seymour's onjeture leads to a speialized form of Jakson's onjeture
when dealing with ubi bridgeless graphs and the Fan Raspaud onjeture
appears as a renement of Jakson's onjeture.
A join in a graph G is a set J ⊆ E(G) suh that the degree of every vertex in
G has the same parity as its degree in the graph (V (G), J). A perfet mathing
being a partiular join in a ubi graph Kaiser and Raspaud onjetured in [6℄
Conjeture 4 [6℄ Every bridgeless ubi graph admits two perfet mathing
M1, M2 and a join J suh that
M1 ∩M2 ∩ J = ∅
The oddness of a ubi graph G is the minimum number of odd iruits in a 2-
fator of G. Conjeture 1 being obviously true for ubi graphs with hromati
index 3, we shall be onerned here by bridgeless ubi graphs with hromati
index 4. Hene any 2-fator of suh a graph has at least two odd yles.
The lass of bridgeless ubi graphs with oddness two is, in some sense, the
"easiest" lass to manage with in order to takle some well known onjeture.
In [6℄ Kaiser and Raspaud proved that Conjeture 4 holds true for bridgeless
ubi graph of oddness two. Their proof is based on the notion of balaned join
in the multigraph obtained in ontrating the yles of a two fator. Using an
equivalent formulation of this notion in the next setion, we shall see that we
an get some new results on Conjeture 1 with the help of this tehnique.
For basi graph-theoreti terms, we refer the reader to Bondy and Murty [1℄.
2 Preliminary results
Let M be a perfet mathing of a ubi graph and let C = {C1, C2 . . . Ck} be
the 2-fator G −M . A ⊆ M is a balaned M−mathing whenever there is a
perfet mathing M ′ suh that M ∩M ′ = A. That means that eah odd yle
of C is inident to at least one edge in A and the subpaths determined by the
ends of M ′ on the yles of C inident to A have odd lengths.
In the following example, M is the perfet mathing (thik edges) of the Pe-
tersen graph. Taking any edge (ab by example) of this perfet mathing we
are led to a balaned M−mathing sine the two yles of length 5 give rise
to two paths of length 5 (we have "opened" these paths losed to a and b).
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Fig. 1. A balaned M−mathing
Remark that given a perfet mathing M of a bridgeless ubi graph, M is
obviously a balaned M−mathing.
Kaiser and Raspaud [6℄ introdued this notion via the notion of balaned join
in the ontext of a ombinatorial representation of graphs embedded on sur-
faes. They remarked that a natural approah to the Fan Raspaud onje-
ture would require nding two disjoint balaned joins and hene two balaned
M−mathings for some perfet mathing M . In fat Conjeture 1 and bal-
aned mathing are related by the following lemma
Lemma 5 A bridgeless ubi graph ontains 3 non interseting perfet math-
ing if and only if there is a perfet mathing M and two balaned disjoint
balaned M−mathings.
Proof Assume that M1, M2, M3 are three perfet mathings of G suh that
M1 ∩M2 ∩M3 = ∅. Let M = M1, A = M1 ∩M2 and B = M1 ∩M3. Sine
A∩B = M1∩M2∩M3, A and B are two balaned M−mathings with empty
intersetion.
Conversely, assume that M is a perfet mathing and that A and B are two
balaned M−mathings with empty intersetion. Let M1 = M , M2 be a per-
fet mathing suh that M2 ∩M1 = A and M3 be a perfet mathing suh
that M3 ∩M1 = B. We have M1 ∩M2 ∩M3 = A ∩ B and the three perfet
mathings M1, M2 and M3 have an empty intersetion. 
The following theorem is a orollary of Edmond's Mathing Polyhedron The-
orem [2℄. A simple proof is given by Seymour in [8℄.
Theorem 6 Let G be an r-graph. Then there is an integer p and a family
M of perfet mathings suh that eah edge of G is ontained in preisely p
members of M.
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Fig. 2. A balaned triple
Lemma 7 Let G be a bridgeless ubi graph and let e = uv and e′ = u′v′ be
two edges of G. Then there exists a perfet mathing avoiding these two edges.
Proof Remark that a bridgeless ubi graph is a 3-graph as dened by
Seymour. Applying Theorem 6, let M be a set of perfet mathing suh that
eah edge of G is ontained in preisely p members of M (for some xed
integer p ≥ 1).
Assume rst that e and e′ have a ommon end vertex (say u). Then u is
inident to a third edge e”. Any perfet mathing using e” avoids e and e′.
When e and e′ have no ommon end then, let f and g be the two edges inident
with u. Assume that any perfet mathing using f or g ontains also the edge
e′. Then e′ is ontained in 2p members of M, impossible. Hene some perfet
mathings using f or g must avoid e′, as laimed. 
It an be pointed out that Lemma 7 is not extendable, so easily, to a larger
set of edges. Indeed, a orollary of Theorem 6 asserts that M (the family of
perfet mathing onsidered) intersets eah 3−edge ut in exatly one edge.
Hene for suh a 3−edge ut, there is no perfet mathing inM avoiding this
set.
Let C be an odd yle and let T = {x, y, z} a set of three distint verties
of C. We shall say that C is a balaned triple when the three subpaths of C
determined by T have odd lengths.
Let C = x0x1 . . . x2k be an odd yle of length at least 7. Assume that its vertex
set is oloured with three olours 1, 2 and 3 suh that 2 ≤ |A1| ≤ |A2| ≤ |A3|,
Ai denoting the set of verties oloured with i, i = 1, 2, 3. Then we shall say
that C is good odd yle.
Lemma 8 Any good odd yle C ontains two disjoint balaned triples T and
T ′ interseting eah olour exatly one.
Proof We shall prove this lemma by indution on |C|.
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Assume rst that C has length 7. Then A1 and A2 have exatly two verties
while A3 must have 3 verties. We an distinguish, up to isomorphism, 9
subases
(1) A3 = {x0, x1, x2} A1 = {x3, x4} and A2 = {x5, x6} then T = {x0, x3, x6}
and T ′ = {x1, x4, x5} are two disjoint balaned triples.
(2) A3 = {x0, x1, x2} A1 = {x3, x5} and A2 = {x4, x6} then T = {x2, x3, x4}
and T ′ = {x5, x6, x0} are two disjoint balaned triples.
(3) A3 = {x0, x1, x2} A1 = {x3, x6} and A2 = {x4, x5} then T = {x2, x3, x4}
and T ′ = {x5, x6, x0} are two disjoint balaned triples.
(4) A3 = {x0, x1, x3} A1 = {x2, x4} and A2 = {x5, x6} then T = {x1, x4, x5}
and T ′ = {x2, x3, x6} are two disjoint balaned triples.
(5) A3 = {x0, x1, x3} A1 = {x2, x5} and A2 = {x4, x6} then T = {x1, x4, x5}
and T ′ = {x2, x3, x6} are two disjoint balaned triples.
(6) A3 = {x0, x1, x3} A1 = {x2, x6} and A2 = {x4, x5} then T = {x1, x0, x6}
and T ′ = {x2, x3, x4} are two disjoint balaned triples.
(7) A3 = {x0, x1, x4} A1 = {x2, x3} and A2 = {x5, x6} then T = {x1, x2, x5}
and T ′ = {x0, x3, x6} are two disjoint balaned triples.
(8) A3 = {x0, x1, x4} A1 = {x2, x5} and A2 = {x3, x6} then T = {x1, x2, x3}
and T ′ = {x0, x5, x6} are two disjoint balaned triples.
(9) A3 = {x0, x1, x4} A1 = {x2, x6} and A2 = {x3, x5} then T = {x1, x2, x3}
and T ′ = {x0, x5, x6} are two disjoint balaned triples.
Assume that C is a good odd yle of length at least 9 and assume that the
property holds for any good odd yle of length |C| − 2.
Claim 1 If C has two onseutive verties xj and xj+1 (j being taken modulo
2k) in the same set Ai (i = 1, 2 or 3) suh that |Ai| ≥ 4, then the property
holds.
Proof Assume that C has two onseutive verties xj and xj+1 in the same
set Ai (i = 1, 2 or 3) suh that |Ai| ≥ 4, then delete xj and xj+1 and add the
edge xj−1xj+2. We get hene a good odd yle C
′
of length |C| − 2. C ′ has
two disjoint balaned triples T and T ′ by indution hypothesis and we an
hek that these two triples are also balaned in C sine the edge xj−1xj+2 is
replaed by the path xj−1xjxj+1xj+2 in C. 
Claim 2 If C has two onseutive verties xj and xj+1 (j being taken modulo
2k) one of them being in Ai while the other is in Ai′ (i 6= i
′ ∈ {1, 2, 3}), then
the property holds as soon as |Ai| ≥ 3 and |Ai′ | ≥ 3.
Proof Use the same trik as in the proof of Claim 1 
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If A3 ≥ 4, we an suppose, by Claim 1 that no two verties of A3 are onse-
utive on C. When x ∈ A3, x
′
(its suesor in the natural ordering) is in A1 or
A2. By Claim 2, the verties in A3 have at most two suessors in A1 and at
most two suessors in A2. Hene we must have |A3| = 4 and |A2| = |A3| = 2,
impossible. If |A3| = 3 then we must have |A2| = |A3| = 3 sine C has length
9. In that ase we ertainly have two onseutive verties with distint olours
and we an apply the above laim 1. 
Let C be an even yle and let P = {x, y} a set of two distint verties of C.
We shall say that C is a balaned pair when the two subpaths of C determined
by P have odd lengths.
Let C = x0x1 . . . x2k−1 be an even yle of length at least 4. Assume that its
vertex set is oloured with three olours 1, 2 and 3. Let Ai be the set of verties
oloured with i, i = 1, 2, 3. Assume that |Ai| = 0 or 1 for at most one olour,
then we shall say that C is good even yle.
Lemma 9 Any good even yle C ontains two disjoint balaned pairs Pi and
P ′i interseting Ai exatly one eah as soon as Ai has at least two verties
(i = 1, 2, 3).
Proof We prove the lemma for i = 1. Assume that |A1| ≥ 2 and |A2| ≥ 2.
Assume that x0 is a vertex in A2 and let xi be the rst vertex in A1, xj be
the last vertex in A1 when running on C in the sens given by x0x1. If i 6= 1 or
j 6= 2k− 1 P = {xi−1, xi} and P
′ = {xj , xj+1} are two distint balaned pairs
interseting A1 exatly one eah. Assume that i = 1 and j = 2k − 1. Sine
A2 ontains another vertex xl (1 < l < 2k − 1). Let xm be the rst vertex in
A1 when running from xl to x2k−1 (l < m ≤ 2k − 1. Then P = {x0, x1} and
P ′ = {xm−1, xm} are two disjoint balaned pairs interseting A1 exatly one
eah. 
Lemma 10 Let C be an even yle of length 2p ≥ 8 and let x and y be two
verties. Assume that the verties of C − {x, y} are partitioned into A and B
with |A| ≥ p−2 and |B| ≥ p−2. Then there are at least two disjoint balaned
pairs interseting A and B exatly one eah.
Proof Let us olour alternately the verties of C in red and blue. If A
ontains at least two red (or blue) verties u and v and B two blue (or red
respetively) verties u′ and v′ then P = {u, u′} and P ′ = {v, v′} are two
disjoint balaned pairs. If A ontains a red vertex u and a blue vertex v and,
symmetrially,B ontains a red vertex u′ and a blue vertex v′ then P = {u, u′}
and P ′ = {v, v′} are two disjoint balaned. It is lear that at least one of the
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above ases must happens and the result follows. 
3 Appliations
From now on, we onsider that our graphs are ubi, onneted and bridgeless
(multi-edges are allowed). Moreover we suppose that they are not 3−edge
olourable. Hene these graphs have perfet mathings and any 2-fator have
a non null even number of odd yles. If X ⊂ V (G) and Y ⊂ V (G), d(X, Y )
is the length of a shortest path between these two sets.
3.1 Graphs with small oddness
Theorem 11 Let G be a ubi graph of oddness two. Assume that G has a
perfet mathing M where the 2−fator C = {C1, C2 . . . Ck} of G−M is suh
that C1 and C2 are the only odd yles and d(C1, C2) ≤ 3. Then G has three
perfet mathings with an empty intersetion.
Proof
If d(C1, C2) = 1 let uv be an edge joining C1 and C2 (u ∈ C1 and v ∈ C2).
A = {uv} is a balaned M−mathing. Let M2 be a perfet mathing suh
that M2 ∩M = A. There is ertainly a perfet mathing M3 avoiding uv (see
Theorem 6). Hene M , M1 and M3 are three perfet mathings with an empty
intersetion.
It an be notied that d(C1, C2) 6= 2. Indeed, Let P = u1vu2 be a shortest
path joining u1 ∈ C1 to u2 ∈ C2, then the yle of C ontaining v annot be
disjoint from C1 or C2, impossible.
Assume thus now that d(C1, C2) = 3 and let P = u1u2u3u4 be a shortest path
joining C1 to C2 (with u1 ∈ C1 and u4 ∈ C2). Then A = {u1u2, u3u4} is a
balaned M−mathing. Let M2 be a perfet mathing suh that M2∩M = A.
From Lemma 7 there is a perfet mathing M3 avoiding these two edges of A.
Hene M , M2 and M3 are three non interseting perfet mathings 
A graph G is near-bipartite whenever there is an edge e of G suh that G− e
is bipartite.
Theorem 12 Let G be a ubi graph of oddness two. Assume that G has
a perfet mathing M where the 2−fator C = of G −M has only 3 yles
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C1, C2 (odds) and C3 (even) suh that the subgraph of G indued by C3 is
a near-bipartite graph. Then G has three perfet mathings with an empty
intersetion.
Proof From Theorem 11, we an suppose that d(C1, C2) ≥ 3. That means
that the neighbors of C1 are ontained in C3 as well as those of C2. Let us
olour the verties of C3 with two olours red and blue alternately along C3.
Assume that a and b are two verties of C3 with distint olours suh that a
is a neighbor of C1 and b is a neighbor of C2. Let e and f be the two edges
of M so determined by a and b. Then A = {e, f} is a balaned M−mathing.
Let M2 be a perfet mathing suh that M ∩M2 = A and M3 be a perfet
mathing avoiding A (Lemma 7). Then M,M1 and M2 are 3 non interseting
perfet mathings.
It remains thus to assume that the neighbors of C1 and C2 have the same
olour (say red). G being bridgeless, we have an odd number (at least 3) of
edges inM joining C1 and C3 (C2 and C3 respetively). The remaining verties
of C3 are mathed by edges of M , but we have at least 6 blue verties more
than red verties in C3 to be mathed and hene at least three pairs of blue
verties must be mathed. Let e ∈ E(G) suh that G− e is bipartite, if e ∈ C3
then C3 must have odd length, impossible. Hene e is the only hord of C3
whose ends have the same olour, impossible.

Theorem 13 Assume that G is a ubi graph having a perfet mathing M
where the 2−fator C = {C1, C2, C3, C4 . . . Ck} of G−M is suh that C1, C2,
C3 and C4 are the only odd yles. Assume moreover that d(C1, C2) = 1 as
well as d(C3, C4) = 1. Then G has three perfet mathings with an empty
intersetion.
Proof Let u1u2 be an edge joining C1 to C2 and u3u4 be an edge joining
C3 to C4. A = {u1u2, u3u4} is a balaned M−mathing. Let M2 be a perfet
mathing suh that M ∩M2 = A
′
. By Lemma 7, there is a perfet mathing
M3 avoiding these two edges. Hene the three perfet mathings M , M2 and
M3 are non interseting. 
Theorem 14 Assume that G has a perfet mathing M where the 2−fator
C has only 4 hordless yles C = {C1, C2, C3, C4}. Then G has three perfet
mathings with an empty intersetion.
Proof By the onnetivity of G, every vertex of three yles of C (say C1, C2
and C3) are joined to C4 while no other edge exists. Otherwise the result holds
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by Theorem 13.
Eah yle of C has length at least 3 and, hene C4 has length at least 9. We
an olour eah vertex v ∈ C4 with 1, 2 or 3 following the fat the edge of M
inident with v has its other end on C1, C2 or C3. From lemma 8, there is two
balaned triples T and T ′ interseting eah olour. These two balaned triples
determine two disjoint balaned M−mathings. Hene, the result holds from
Lemma 5. 
3.2 Good Rings, Good stars
A good path of index C0 is a set P of k + 1 disjoint yles C0, C1 . . . Ck suh
that
• C0 and Ck are the only odd yles of P
• Ci is joined to Ci+1 (0 ≤ i ≤ k − 1) by an edge ei (alled jontion edge of
index C0)
• the two jontion edges inident to an even yle determine two odd paths
on this yle
A good ring is a set R of disjoint odd yles C0 . . . C2p−1 and even yles suh
that
• Ci is joined to Ci+1 (i is taken modulo 2p) by a good path Pi of index Ci
whose even yles are in R
• the good paths involved in R are pairwise disjoint.
A good star (entered in C0) is a set S of four disjoint yles C0, C1, C2, C3
suh that
• C0 (the enter) is hordless and has length at least 7
• C0 is joined to eah other yle by at least two edges and has no neighbor
outside of S
• there is no edge between C1, C2 and C3
Theorem 15 Assume that G has a perfet mathing M where the 2−fator
C of G −M an be partitioned into good rings, good stars and even yles.
Then G has three perfet mathings with an empty intersetion.
Proof Let R be the set of good rings of C and S be the set of good stars.
Let R ∈ R, and let C0 . . . C2p−1 be its set of odd yles. Let us us say that a
juntion edge of R has an even index whenever this edge is a juntion edge
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of index Ci with i even. A juntion edge of odd index is dened in the same
way. Let AR be the set of juntion edge of even index of R and BR the set of
juntion edge of odd index. We let A =
⋃
R∈RAR and B =
⋃
R∈RBR.
For eah star S ∈ S, assume that eah vertex of the enter is oloured with
the name of the odd yle of S to whom this vertex is adjaent. Let TS and
T ′S be two disjoint balaned triples (Lemma 8) of the enter of S. Let NS and
N ′S be the sets of three edges joining the enter of S to the other yles of S,
determined by TS and T
′
S. Let A
′ =
⋃
S∈S NS and B
′ =
⋃
S∈S N
′
S.
It is an easy task to hek that A + A′ and B + B′ are two disjoint balaned
M−mathings. Hene, the result holds from Lemma 5. 
A partiular ase of the above result is given by E. Mà£ajová and M. koviera.
The length of a ring is the number of jontion edges. A ring of length 2 is merely
a set of two odd yles joined by two edges.
Corollary 16 [7℄Assume that G has a perfet mathing M where the odd
yles of the 2−fator C an be arranged into rings of length 2. Then G has
three perfet mathings with an empty intersetion.
It an be pointed out that this tehnique of rings of length 2 was used in [4℄
for the 5− ow problem when dealing with graphs of small order and graphs
with low genus. This tehnique has been developped independently by Steen
in [9℄.
4 On graphs with at most 32 verties
Determining the struture of a minimal ounterexample to a onjeture is one
of the most typial methods in Graph Theory. In this setion we investigate
some basi strutures of minimal ounterexamples to Conjeture 1.
The girth of a graph is the length of shortest yle. Mà£ajová and koviera [7℄
proved that the girth of a minimal ounterexample is at least 5.
Lemma 17 [7℄ If G is a smallest bridgeless ubi graph with no 3 non-
interseting perfet mathings, then the girth of G is at least 5
Lemma 18 If G is a smallest bridgeless ubi graph with no 3 non-interseting
perfet mathings, then G does not ontain a subgraph isomorphi to G8 (see
Figure 3).
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Fig. 3. G8
Proof Assume that G ontains G8. Let a
′, b′, c′ and d′ be the verties of
G−G8 adjaent to, respetively a, b, c and d. Let G
′
be the graph obtained in
deleting G8 and joining a
′
to c′ and b′ to d′. It is an easy task to verify that
G′ has hromati index 3 if and only if G itself has hromati index 3. We
do not know whether this graph is onneted or not but eah omponent is
smaller than G and ontains thus 3 non-interseting perfet mathings leading
to 3 non-interseting perfet mathings for G′. Let P1 P2 and P3 these perfet
mathings. Our goal is to onstrut 3 non-interseting perfet mathings for G
M1, M2 and M3 from those of G
′
. We have thus to delete the edge a′c′ and b′d′
from P1, P2 and P3 whenever they belong to these sets and add some edges of
G8 in order to obtain the perfet mathings for G.
Let us now onsider the number of edges in {a′c′, b′d′} whih are ontained in
P1 ∩ P2 or in P1 ∩ P3 or in P2 ∩ P3.
When none of P1 ∩ P2,P1 ∩ P3 or P2 ∩ P3 ontain a
′c′ nor b′d′ we set M1 =
P1+ {ax, bt, cz, dy}, M2 = P2+ {ay, dz, ct, bx} and M3 = P3+ {ax, bt, cz, dy}.
Assume that the edges a′c′ and b′d′ both belong to some Pi ∩ Pj (i 6= j ∈
{1, 2, 3}), say P1 ∩ P2. In this ase P3 annot ontain one of those edges.
Thus we write M1 = P1 − {a
′c′, b′d′} + {a′a, c′c, b′b, d′d} + {xz, ut},M2 =
P2 − {a
′c′, b′d′}+ {a′a, c′c, b′b, d′d}+ {xz, ut} and M3 = P3 + {ax, bt, cz, dy}.
Finally assume w.l.o.g that P1∩P2 = {a
′c′}. When P2∩P3 = P1∩P3 = set we
set M1 = P1−{a
′c′}+ {a′a, c′c}+ {yt, xb, dz}, M2 = P2−{a
′c′}+ {a′a, c′c}+
{bt, xz, dy} and M3 = P3+ {ax, bt, cz, dy}. On the last hand, if one of the sets
P2∩P3 or P1∩P3 (say P2∩P3) ontain the edge b
′d′, we writeM1 = P1−{a
′c′}+
{a′a, c′c}+{yt, xb, dz},M2 = P2−{a
′c′, b′d′}+{a′a, b′b, c′c, d′d}+{xz, yt} and
M3 = P3 − {b
′d′}+ {b′b, d′d}+ {ay, xz, ct}.
In all ases, sine P1 ∩ P2 ∩ P3 = ∅ we have M1 ∩M2 ∩M3 = ∅.

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Lemma 19 If G is a smallest bridgeless ubi graph with no 3 non-interseting
perfet mathings, then G does not ontain a subgraph isomorphi to the Pe-
tersen graph with one vertex deleted.
Proof Let P be a graph isomorphi to the Petersen graph whose vertex
set is {a, b, c, d, e, x, y, z, t, u} and suh that abcde and xyztu are the two odd
yles of the 2-fator assoiated to the perfet mathing {ax, bt, cy, du, ez}.
Assume that H = P − a is a subgraph of G. Let x′, b′ and c′ be respetively
the neighbors of x, b and c in G − H . Let G′ be the graph whose vertex set
is V (G − H) ∪ {v} where v /∈ V (G) is a new vertex and whose edge set is
E(G − H) ∪ {vx′, ve′, vb′}. Sine G′ is smaller than G, G′ ontains 3 non-
interseting perfet mathings P1, P2, P3.
For i ∈ {1, 2, 3} we an assoiate to Pi two perfet mathings of G , namely
Mi and M
′
i , as follows (observe that exatly one of the edges vx
′
, vb′ or vc′
belongs to Pi) :
When vx′ ∈ Pi we set Mi = Pi − {vx
′} ∪ {xx′, bt, cy, du, ez}
and M ′i = Pi − {vx
′} ∪ {xx′, tu, bc, yz, ed}.
When vb′ ∈ Pi we set Mi = Pi − {vb
′} ∪ {bb′, cy, xu, de, zt}
and M ′i = Pi − {vb
′} ∪ {bb′, cd, ut, ez, xy}.
When ve′ ∈ Pi we set Mi = Pi − {ve
′} ∪ {ee′, cd, bt, zy, xu}
and M ′i = Pi − {ve
′} ∪ {ee′, du, xy, zt, bc}.
But now, if on one hand Pi ∩Pj ontains one of the edges in {vx
′, vb′, ve′} for
some i 6= j ∈ {1, 2, 3} and for k ∈ {1, 2, 3} distint from i and j,Mi∩M
′
j∩Mk =
Mi ∩M
′
j ∩M
′
k = P1 ∩P2 ∩P3 = ∅,a ontradition. If, on the other hand, eah
of Pi, Pj and Pk (for i, j, k distint members of {1, 2, 3}) ontains exatly
one edge of {vx′, vb′, vc′} we also have Mi ∩Mj ∩Mk = Pi ∩ Pj ∩ Pk = ∅, a
ontradition. 
Theorem 20 If G is a smallest bridgless ubi graph with no 3 non-interseting
perfet mathings, then G has at least 32 verties
Proof Assume to the ontrary that G is a ounterexample with at most 30
verties. We an obviously suppose that G is onneted. Let M be a perfet
mathing and let C be the 2−fator of G −M . Assume that the number of
odd yles of C is the oddness of G. Sine G has girth at least 5 by Lemma
17, the oddness of G is 2, 4 or 6.
Claim 1 G has oddness 2 or 4.
Proof Assume that G has oddness 6. We have C = {C1, C2, C3, C4, C5, C6}
and eah yle Ci (i = 1 . . . 6) is hordless and has length 5. Eah yle Ci is
joined to at least two other yles of C. Otherwise, if Ci is joined to only one
yle Cj (i 6= j), these two yles would form a onneted omponent of G
and G would not be onneted, impossible. It is an easy task to see that we
an thus partition C into good rings and the results omes from Theorem 15. 
Assume now that G has oddness 4. Hene C ontains 4 odd yles C1, C2, C3
and C4. Sine these yles have length at least 5, C ontains eventually an
even yle C5. From Lemmas 17 and 18 if C5 exists, C5 is a hordless yle
of length 6 or C5 has length 8 (with at most one hord) or 10. When C5 has
length 10, C1, C2, C3 and C4 are hordless yles of length 5. When C5 has
length 8, C1, C2, C3 and C4 are hordless yles of length 5 or 3 of them have
length 5 while the last one has length 7.
Theorem 13 says that we are done as soon as we an nd two edges allowing
to arrange by pairs C1, C2, C3 and C4 (say for example C1 joined to C2 and
C3 to C4) and Theorem 15 says that we are done whenever these 4 odd yles
indue a good star. That means that the subgraph H indued by the four odd
yles is of one of the two following types:
Type 1 One odd yle (say C4) has all its neighbors in C5 and the 3 other odd yles
indue a onneted subgraph
Type 2 One yle (say C4) is joined to the other by at least one edge while the
others are not adjaent.
Claim 2 C5 has length at least 8.
Proof Assume that |C5| = 6, the girth of G being at least 5 (Lemma 17) we
an suppose that C5 has no hord. H is not of type 1, otherwise C4 having
its neighbors in C5, C5 is onneted to the remaining part of G with one edge
only, impossible sine G is bridgeless. Assume thus that H is of type 2. Then,
there are 6 edges between C5 and H . Sine there are at least 15 edges going
out C1, C2 and C3 that means that there are at least 9 edges between C0 and
the other odd yles. Hene, C0 must have length 9 and an not be adjaent
to C5. G is then partitioned into a good star and an even yle and the result
omes from Theorem 15. 
Claim 3 If C5 has length 8 then it has no hord.
Proof If C5 has a hord then there are at most 6 edges joining C5 to H . If
H is of type 1 then C4 has at least 5 neighbors in C5. Hene there is at most
one edge between H and C5, impossible. If H is of type 2, then the the three
yles C1, C2 and C3 have at least 9 neighbors in C4, impossible sine G has
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at most 30 verties. 
Claim 4 If C5 exists then H is not of type 1.
Proof If H is of type 1, then C4 has its neighbors (at least 5) in C5 and there
are 3 or 5 edges between H and C5.
Whenever there are 5 edges between H and C5, C5 has length 10 and C1, C2, C3
have length 5 (as well as C4). In that ase w.l.o.g., we an onsider that C3 is
joined by exatly one edge to C5 and joined by 4 edges to C2. The las t neighbor
of C2 annote be on C5, otherwise the 5 neighbors of C1 are on C5 and C5 must
have length 12, impossible. Hene, C2 is joined to C1 by exatly one edge and
C1 is joined to C5 by 4 edges. Let us olour eah vertex v of C5 with 1, 3 or 4
when v is adjaent to Ci (i = 1, 3, 4). From Lemma 9, we an nd 2 disjoint
balaned pairs on C5 P = {u, v} and P
′ = {u′, v′} with u and u′ oloured
with 4, v and v′ oloured with 1. These two pairs determine two disjoint set
of edges N ′ = {e, f} and N” = {h, i} in M and allow us to onstrut two
disjoint balanedM−mathings M ′ = {e, f, g} and M” = {h, i, j} in hoosing
two distint edges g and j between C2 and C3. The result follows from Lemma
5
Whenever there are 3 edges between H and C5, C5 has length 8 or 10, any
two yles in {C1, C2, C3} are joined by at least two edges and eah of them
is joined to C5 by exatly one edge. Let A be the three verties of C5 whih
are the neighbors of C1 ∪C2 ∪C3. Let B be the neighbors of C4 on C5. When
C5 has length 10 this yle indues a hord xy. In that ase, Lemma 10 says
that we an nd 2 disjoint balaned pairs P = {u, v} and P ′ = {u′, v′} with
u, u′ ∈ A and v, v′ ∈ B. These two pairs determine two disjoint set of edges
N ′ = {e, f} and N” = {h, i} in M and allow us to onstrut two disjoint
balaned M−mathings M ′ = {e, f, g} and M” = {h, i, j} in hoosing two
suitable distint edges g and j joining two of the yles in {C1, C2, C3}. When
C5 has no hord, we an apply the same tehnique in hoosing x and y in B.
The result follows from Lemma 5.

Claim 5 if H is of type 2 then C5 has 8 verties.
Proof When C5 has length 10, this yle has no hord. Otherwise, we have at
most 8 edges between H and C5. Hene C1, C2 and C3 are joined to C4 with at
least 7 edges, impossible sine G hat at most 30 verties. Assume thus that C5
is a hordless yle of length 10 then there are 15 edges going out C1∪C2∪C3
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and at most 5 of them are inident to C4. Hene there are 10 edges between
C1 ∪C2 ∪C3 and C5, 5 edges between C1 ∪C2 ∪C3 and C4 and heneforth no
edge between C4 and C5. One yle in {C1, C2, C3} has exatly one neighbor
in C5 (say C1) or two of them (say C1 and C2) have this property .
It is an easy task to nd a balaned triple u, v, w on C4 where u is a neighbor of
C1, v a neighbor of C2 and w a neighbor of C3. This balaned triple determine
a balaned M−mathing A. We an onstrut a balaned M−mathing B
disjoint from A in hoosing two edges e end f onneting C1∪C2 to C5 whose
ends are adjaent on C5 (sine 7 or 8 edges are involved between these two
sets) and an edge h 6∈ A between C3 and C4. The result follows from Lemma
5

Claim 6 If C5 exists then H is not of type 2.
Proof From laim 5, it remains to assume that C5 has length 8. Then C1 ∪
C2∪C3 is joined to C4 by at least 7 edges. C4 has then no neighbor in C5 and
G is partitioned into a good star entered on C4 and an even yle as soon
as C1, C2 and C3 have two neighbors at least in C4. In that ase, the result
follows from Theorem 15.
Assume thus that C1 has only one neighbor in C4 (and then 4 neighbors in
C5). Assume that C2 has more neighbors in C5 than C3. Hene C2 has at least
2 neighbors in C5. Let us olour eah vertex v of C5 with 1, 2 or 3 when v is
adjaent to C1, C2 or C3. With that olouring C5 is a good even yle. We an
nd 2 disjoint balaned pairs interseting the olour 1 exatly one eah. Let
{e, f} and {g, h} the two pairs of edges of M so determined. We an omplete
these two pairs with a third edge i (j respetively) onneting C3 to C4 or C2
to C3,following the ases, in suh a way that A = {e, g, i} and B = {f, h, j}
are two disjoint balaned M−mathings. The result follows from Lemma 5

Claim 7 The oddness of G is at most 2.
Proof In view of the previous laims, it remains to onsider the ase were C
is redued to a set of four odd yles {C1, C2, C3, C4}. One again, Theorem
13, says that, up to the name of yles, C1, C2 and C3 are joined to the last
yle C4 and have no other neighboring yle. That means that C1, C2, C3
have length 5 and C4 has length 15. These 4 yles are hordless and the result
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omes from Theorem 14. 
Hene, we an assume that C ontains only two odd yles C1 and C2. Sine
we onsider graphs with at most 30 verties and sine the even yles of C
have length at least 6, C ontains only one even yle C3 or two even yles
C3 and C4 or three even yles C3, C4 and C5. From Theorem 11, C1 and C2
are at distane at least 4. That means that the only neighbors of these two
yles are verties of the remaining even yles.
It will be onvenient, in the sequel, to onsider that the verties of the even
yles are oloured alternately in red and blue.
Claim 8 If C1 and C2 are joined to an even yle in C, then their neighbors
in that even yle have the same olour
Proof Assume that C1 is joined to a blue vertex of an even yle of C by
the edge e and C2 is joined to a red vertex of this same yle by the edge e
′
.
A = {e, e′} is then a balaned M−mathing. Let M2 be the perfet mathing
of G suh that M∩M2 = A and letM3 be a perfet mathing avoiding e and e
′
(Lemma 7). then M , M2 and M3 are two non interseting perfet mathings,
a ontradition. 
Hene, for any even yle of C joined to the two yles C1 and C2, we an
onsider that, after a possible permutation of olours for some even yle, the
verties adjaent to C1 or C2 have the same olour (say red).
Claim 9 C ontains 2 even yles
Proof Assume that C ontains 3 even yles C3, C4 and C5. We ertainly
have, up to isomorphism, C3 and C4 with length 6 and C5 of length 6 or 8
while the lengths of C1 and C2 are bounded above by 7. In view of Claim 8
C1 ∪ C2 has at most 3 neighbors in C3 and in C4 and at most 4 neighbors in
C5. Sine C1 and C2 have at least 10 neighbors, that means that all the red
verties of C3 ∪ C4 ∪ C5 are adjaent to some vertex in C1 or C2. It is then
easy to see that two even yles are joined by two distint edges (i and j)
whose ends are blue and eah of them is onneted to both C1 and C2 (say
e and f onneting C1 and g and h onneting C2). Then A = {e, g, i} and
B = {f, h, j} are two disjoint balaned M−mathings and the result follows.
Assume now that C = {C1, C2, C3}. Sine C1 and C2 have at least 5 neighbors
eah in C3, C3 must have 10 red verties. Hene C1 and C2 have length 5 and
C3 has length 20. The 10 blue verties of C3 are mathed by 5 edges of M .
For any hord of C3, we an nd a red vertex in eah path determined by
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this hord on C3, one being adjaent to C1 and the other to C2. Let A be
the three edges so determined. A is a balaned M−mathing. By systemati
inspetion we an hek that it is always possible to nd two disjoint balaned
M−mathings so onstruted. The result follows from Lemma 5 
We shall say that G is a graph of type 3 when
Type 3 C ontains two even yles C3 and C4, the neighborhood of C1 is ontained
in C3, the neighborhood of C2 is ontained in C4, and C3 and C4 are joined
by 3 or 5 edges.
Claim 10 C1 and C2 have length 5 or 7 or one of them has length 9. In the
latter ase G is a graph of type 3
Proof G being onneted and bridgeless, C1 and C2 are joined to the remain-
ing yles of C by an odd number of edges (at least 3).
Assume that C1 has length at least 11, then there at least 16 verties involved
in C1 ∪ C2. Hene, C ontains exatly one even yle. From Claim 9 this is
impossible.
Assume that C1 has length 9, then if C1 is onneted to the remaining part of
G with 3 edges, that means that C1 has 3 hords. Sine G has girth at least
5, C1 indues a subgraph isomorphi to the Petersen graph where a vertex is
deleted. This is impossible in view of Lemma 19.
Hene C1 is onneted to the even yles of C with 5 edges. If C has only
one yle C3, then, in view of laim this yle must has length at least 20,
impossible. We an thus assume that C ontains two yles C3 and C4. Sine
C1 ∪ C2 ontains at least 14 verties, C3 and C4 have length 8. If C1 and C2
have both some neighbors in C3, there are at most 4 suh verties in view of
Claim 8. In that ase, the remaining (at least 6)neighbors are in C4, impossible
sine this fores C4 to have length at least 10.
Hene C1 has all its neighbors in C3 and C2 all its neighbors in C4. The perfet
mathing M fores C3 and C4 to be onneted with an odd number (3 or 5)
of edges and G is a graph of type 3, as laimed. 
From now on, we have C = {C1, C2, C3, C4}
Claim 11 G is not a graph of type 3
Proof
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Let f = ab and g = cd two edges joining C3 to C4 with a and c in C3. Whatever
is the olour of a and c we an hoose two distint verties u and v in the
neighboring verties of C1 on C3 suh that u and a have distint olours as
well as v and c. Let g be the edge joining C1 to u and h the edge joining
C1 to v. In the same way, we an nd two distint verties w and x in the
neighboring verties of C2 on C4 with the same property relatively to b and d
leading to the edges g′ and h′.
We an hek that M ′ = {f, g, h} and M” = {f ′, g′, h′} are two disjoint
balaned M−mathings. The result follows from Lemma 5

Claim 12 One of C1 or C2 has its neighborhood inluded in C3 or C4
Proof If C1 and C2 have neighbors in C3 and C4 eah, then, from Claim 8,
there are at least 20 verties involved in C3∪C4. Hene C1 and C2 have length
5 and C3 ∪C4 ontains exatly 20 verties. The 10 red verties of C3 ∪C4 are
adjaent to C1 or C2 and the blue verties are onneted together.
Let f be a hord for C3 and f
′
be a hord for C4 (whenever these two hord
exist). We an nd two red verties in C3 separated by f , one being adjaent
to C1 by an edge g while the other is adjaent to C2 by an edge h. Let
M ′ = {f, g, h} be the set of three edges so onstruted.In the same way we get
M” = {f ′, g′, h′} when onsidering C4. M
′
and M” are two disjoint balaned
M−mathings. The result follows from Lemma 5
Assume thus that C1 has no hord. That means that we an nd two distint
edges e and f onneting C3 to C4. Let g be an edge onneting C1 to C3, h
be an edge onneting C2 to C4, i an edge onneting C1 to C4 and j an edge
onneting C2 to C3. Then M
′ = {e, g, h} and M” = {f, i, j} are two disjoint
balaned M−mathings. The result follows from Lemma 5 
We an assume now that C2 has its neighbors ontained in C4. Sine G is not
of type 3 by Claim 11, C1 has some neighbor in C4. C4 must have length 12
at least from Claim 8. This fores C3 to have length 8, C4 length 12 and C1
and C2 lengths 5. Moreover, there is one edge exatly between C1 and C4 and
2 or 4 edges between C3 and C4. It is then an easy task to nd M
′ = {e, f, g}
and M” = {h, i, j} with e and h onneting C1 and C3, f and i onneting C3
and C4, g and j onneting C4 and C2 suh that M
′
and M” are two disjoint
balaned M−mathings. The result follows from Lemma 5 
18
5 Conlusion
A Fano olouring of G is any assignment of points of the Fano plane F7 (see,
e.g., [7℄) to edges of G suh that the three edges inident with eah vertex of G
are mapped to three distint ollinear points of F7 . The following onjeture
appears in [7℄
Conjeture 21 [7℄ Every bridgeless ubi graph admits a Fano olouring
whih uses at most four lines.
In fat, Mà£ajová and koviera proved in [7℄ that onjeture 1 and Conjeture
21 are equivalent. Hene, our results an be immediately translated in terms
of the Mà£ajová and koviera onjeture.
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